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FROM THE TETRAHEDRON EQUATION TO UNIVERSAL
R-MATRICES
R. M. KASHAEV AND A. YU. VOLKOV
Abstract. Modified universal R-matrices, associated with the central ex-
tension (through the Drinfeld’s double construction) of the quantum groups
Uq(slN), are realized through an infinite dimensional spectral parameter de-
pendent solution for the tetrahedron equation, provided a certain identity on
q-exponentials holds true.
1. Introduction and notation
The (quantum) Yang–Baxter equation (YBE) [25, 1] is well known to play the
fundamental role in constructing and solving integrable models of two-dimensional
statistical physics and quantum field theory [2, 10]. The tetrahedron equation
(TE)[26] has been introduced as a three-dimensional analogue of the YBE. One
of the features of the TE is the possibility to construct from one solution of it an
infinite sequence of solutions of the YBE. This means that one integrable three-
dimensional lattice model combines an infinite family of integrable two-dimensional
models. A notable example is the Zamolodchikov–Baxter–Bazhanov (ZBB) three-
dimensional lattice model [26, 3, 4]: on a cubic lattice, with one direction being
periodic of finite length N, this model is equivalent to the two-dimensional slN
chiral Potts model [5]. The field theoretical counterpart of the ZBB model is the
three-dimensional bilinear Hirota equation [13] which, being considered on a lattice
periodic in one direction with period N, can be interpreted as a discrete version
of the affine slN Toda field theory. The quantum theory of this system has been
developed in [11, 12] and in [8] for the case N = 2, and subsequently in [17] for any
N. Thus, the TE can be a powerful unifying tool for different integrable models in
two dimensions.
In [6] few nontrivial examples of formal infinite dimensional solutions for the TE
have been found. In the classical limit, when the deformation parameter q tends to
unity, these solutions are related to (infinite dimensional) functional solutions for
the TE [15, 23, 16], which in turn are related to solutions for the local YBE [19, 18]
— the three-dimensional counterpart of the zero-curvature condition. Using one
of the solutions from [6], Sergeev in [22] obtained a family of (spectral parameter
dependent) formal infinite dimensional solutions for the YBE and interpreted them
as specializations of the affine universal R-matrices.
The purpose of this paper is to uncover the three-dimensional nature of the
quantum groups Uq(slN) as well as the corresponding universal R-matrices. First,
we rigorously define a close (spectral parameter dependent) cousin of one of the
solutions of [6] as a formal power series in the spectral parameter with operator
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coefficients acting in the space of Laurent polynomials of three indeterminates. We
use this solution to compose a solution of the YBE as a three dimensional ana-
logue of the transfer matrix of the size N × N × N. Then, assuming validity of a
certain identity on q-exponentials, we identify this with the image of the centrally
extended Uq(slN) (the Drinfeld double of the Borel subalgebra) modified universal
R-matrix under an infinite dimensional representation in the space of Laurent poly-
nomials of N2 indeterminates. This representation is conjectured to be faithful. A
finite dimensional variant of such representation in the case of roots of unity first
has been constructed by Tarasov in [24]. Restriction of this representation to the
Borel subalgebra is known as Feigin’s homomorphism [7] or free field representation
[20]. The universal R-matrix itself is not well defined in this representation, since
the power series expansion of the q-exponentials, which enter the structure of the
universal R-matrix, do not truncate. We modify the definition of the universal
R-matrix by introducing N − 1 fictitious spectral parameters and consider it as a
generating function for operator coefficients of the power series expansion in these
spectral parameters. It is this modified universal R-matrix the image of which we
identify with our three dimensional construction.
We fix notation. Let q be an indeterminate, and let A ≡ End(C(q)[t, t−1]) be the
algebra of linear operators in the space of Laurent polynomials in one indeterminate
with coefficients from the field C(q). By abuse of notation, we denote
A⊗n ≡ End(C(q)[t, t−1]⊗n) ≡ End(C(q)[t1, t
−1
1 , . . . , tn, t
−1
n ]),
and define similarly algebras A⊗m ⊗ A⊗n and (A⊗m)⊗n.
Let B be any algebra. For any positive m define natural embeddings
ιi : B ∋ b 7→ 1⊗ · · · ⊗ b⊗ · · · ⊗ 1 ∈ B
⊗m,
where element b in the r.h.s. stands on the i-th position. For a finite sequence of
such embeddings
B
ιi1−→ B⊗n1
ιi2−→ (B⊗n1)⊗n2
ιi3−→ · · ·
ιis−→ (. . . (B⊗n1) . . . )⊗ns
we denote by
bis:...:i2:i1 ≡ ιis:...:i2:i1(b) ≡ ιis ◦ · · · ◦ ιi2 ◦ ιi1(b)
the image of element b ∈ B. In the notation for these embeddings we intentionally
suppress any indication of the algebras involved since these will be clear in each
concrete case from the context.
More generally, if B1, . . . ,Bl are algebras, we shall write
bi11:...:i1s1 ,... ,il1:...:ilsl ≡ ιi11:...:i1s1 ⊗ · · · ⊗ ιil1:...:ilsl (b)
for any b ∈ B1 ⊗ · · · ⊗ Bl.
We shall encounter products of noncommuting elements, so to fix the order we
shall write ∏
i↑n
1
αi ≡ α1α2 · · ·αn,
∏
i↓n
1
αi ≡ αnαn−1 · · ·α1.
2. A solution for the (spectral parameter dependent) tetrahedron
equation
Define elements u, v ∈ A:
u(f(t)) ≡ f(qt), v(f(t)) ≡ tf(t), ∀f(t) ∈ C(q)[t, t−1],
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and element F ∈ A⊗3:
F(f(t1, t2, t3)) ≡ f(t1t2/t3, t3, t2), ∀f(t1, t2, t3) ∈ (C(q)[t, t
−1])⊗3(2.1)
Proposition 1. Operators u, v, and F satisfy the following relations:
uv = quv, F2 = 1,
u1F = Fu1, u2F = Fu1u3, v1v2F = Fv1v2, v2F = Fv3,(2.2)
F1,2,4F1,3,5F2,3,6F4,5,6 = F4,5,6F2,3,6F1,3,5F1,2,4.(2.3)
Proof. It is a straightforward verification.
Eqn (2.3) is called the (constant) TE and the operator F defined by eqn (2.1)
is one of the simplest examples of functional solutions to the TE see [15, 23, 16].
Define now an invertible element Bx ∈ A⊗3[[x]] in the algebra of formal power series
with coefficients from A⊗3:
Bx = Fψ(xv1u
−1
1 u2u
−1
3 v
−1
3 ) =
∞∑
k=0
xkbk,(2.4)
where
ψ(x) ≡ (−x; q2)−1∞ =
∞∑
k=0
(−x)k
(q2; q2)k
, bk = F
(−v1u
−1
1 u2u
−1
3 v
−1
3 )
k
(q2; q2)k
∈ A⊗3,
with the standard notation in q-mathematics
(x; y)k ≡
k−1∏
i=0
(1− xyi).
One can look at Bx as the generating function for the infinite sequence of operators
bk.
We shall use the following five-term identity satisfied by the ψ-function:
ψ(X)ψ(Y) = ψ(Y)ψ(YX)ψ(X)(2.5)
where operators X and Y are such that XY = q2YX. Note that this identity is
understood as an identity for formal power series in noncommuting quantities X
and Y.
Proposition 2. The following spectral parameter dependent TE in A⊗6[[x, y, z]]
holds
Bx1,2,4B
xz
1,3,5B
y
2,3,6B
z
4,5,6 = B
y
4,5,6B
z
2,3,6B
xy
1,3,5B
x
1,2,4.(2.6)
Proof. Substituting definition (2.4) into eqn (2.6), one can cancel all the F-operators
by first moving them to the left, using eqns (2.2), and then applying the TE (2.3).
What remains is the following operator identity:
ψ(U)ψ(UW)ψ(V)ψ(W) = ψ(V)ψ(W)ψ(VU)ψ(U),(2.7)
where operator combinations
U = xv1u
−1
1 u2u
−1
3 v
−1
3 , V = yv2u
−1
2 u3u4u
−1
5 v
−1
5 , W = zv3u
−1
3 u5u
−1
6 v
−1
6
satisfy relations
UV = q2VU, VW = q2WV, WU = q2UW.
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The latter relations together with the five-term identity (2.5) imply eqn (2.7)
through the following sequence of equalities (in each step the fragment to be trans-
formed is underlined):
ψ(U)ψ(UW)ψ(V)ψ(W) = ψ(U)ψ(UW)ψ(W)ψ(WV)ψ(V)
= ψ(W)ψ(U)ψ(WV)ψ(V) = ψ(W)ψ(WV)ψ(U)ψ(V)
= ψ(W)ψ(WV)ψ(V)ψ(VU)ψ(U) = ψ(V)ψ(W)ψ(VU)ψ(U).
Formally, at the special value of the spectral parameter x = 1 we obtain solution
for the constant TE. Slightly different form of this solution first has been found in
[6].
Note another special value of the spectral parameter when we get (trivial) con-
stant solution Bx=0 = F.
3. Solution for the Yang–Baxter equation
Fix a positive integer N ≥ 2 and define B˜x ∈ ((A⊗N)⊗2 ⊗ A)[[x]], where x ≡
(x1, . . . , xN),
B˜x =
∏
i↓N
1
Bxi1:i,2:i,3.(3.1)
In the rest of the paper all indices, taking values 1, . . . ,N, will be considered
(mod N).
Proposition 3. The following equation is satisfied in ((A⊗N)⊗3 ⊗ A⊗3)[[x,y]]
B˜x1,2,4B˜
xτ(y)
1,3,5 B˜
y
2,3,6B
yN
4,5,6 = B
yN
4,5,6B˜
τ(y)
2,3,6B˜
xy
1,3,5B˜
x
1,2,4,(3.2)
where xy ≡ (x1y1, . . . , xNyN) and τ(x) ≡ (xN, x1, . . . , xN−2, xN−1).
Proof. Substituting definition (3.1) into the l.h.s. of eqn (3.2), we have the following
sequence of equalities (the fragments eqn (2.6) to be applied to are underlined):
B˜x1,2,4B˜
xτ(y)
1,3,5 B˜
y
2,3,6B
yN
4,5,6 =
∏
i↓N
1
(
Bxi1:i,2:i,4B
xiyi−1
1:i,3:i,5B
yi
2:i,3:i,6
)
B
yN
4,5,6
=
∏
i↓N
2
(
Bxi1:i,2:i,4B
xiyi−1
1:i,3:i,5B
yi
2:i,3:i,6
)
Bx11:1,2:1,4B
x1yN
1:1,3:1,5B
y1
2:1,3:1,6B
yN
4,5,6
=
∏
i↓N
3
(
Bxi1:i,2:i,4B
xiyi−1
1:i,3:i,5B
yi
2:i,3:i,6
)
× Bx21:2,2:2,4B
x2y1
1:2,3:2,5B
y2
2:2,3:2,6B
y1
4,5,6B
yN
2:1,3:1,6B
x1y1
1:1,3:1,5B
x1
1:1,2:1,4 = . . .
= ByN4,5,6
∏
i↓N
1
(
B
yi−1
2:i,3:i,6B
xiyi
1:i,3:i,5B
xi
1:i,2:i,4
)
= ByN4,5,6B˜
τ(y)
2,3,6B˜
xy
1,3,5B˜
x
1,2,4
thus obtaining the r.h.s. of eqn (3.2).
Operator B˜x can be considered as a three-dimensional analogue of the mon-
odromy operator. The operator
Rx ≡ Tr3 B˜
x ∈ (A⊗N)⊗2[[x]],(3.3)
provided the trace does exist (see below), is then analogous to the transfer-matrix.
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Corollary 1. Operator Rx satisfies the following YBE
Rx1,2R
xτ(y)
1,3 R
y
2,3 = R
τ(y)
2,3 R
xy
1,3R
x
1,2.
This is multi spectral parameter YBE with unusual difference property. The
usual difference property is achieved for the combination
Rx ≡
∏
i↓N
1
,j↑N
1
R
τ i(x)
1:i,2:j ∈ ((A
⊗N)⊗N)⊗2[[x]].
Proposition 4. The following YBE is satisfied
Rx1,2R
xy
1,3R
y
2,3 = R
y
2,3R
xy
1,3R
x
1,2(3.4)
Proof. Operator Rx can be represented as
Rx =
∏
j↑N
1
Mx1,2:j, M
x ≡
∏
i↓N
1
R
τ i(x)
1:i,2 ∈ ((A
⊗N)⊗N)⊗ (A⊗N)[[x]].(3.5)
We have
Mx1,2M
xy
1,3R
y
2,3 =
∏
i↓N
1
(
R
τ i(x)
1:i,2 R
τ i(xy)
1:i,3
)
R
y
2,3
=
∏
i↓N
2
(
R
τ i(x)
1:i,2 R
τ i(xy)
1:i,3
)
R
τ(x)
1:1,2R
τ(xy)
1:1,3 R
y
2,3
=
∏
i↓N
3
(
R
τ i(x)
1:i,2 R
τ i(xy)
1:i,3
)
R
τ2(x)
1:2,2 R
τ2(xy)
1:2,3 R
τ(y)
2,3 R
τ(x)y
1:1,3 R
τ(x)
1:1,2 = . . .
= Ry2,3
∏
i↓N
1
(
R
τ i(xτ−1(y))
1:i,3 R
τ i(x)
1:i,2
)
= Ry2,3M
xτ−1(y)
1,3 M
x
1,2.
Using this identity together with formula (3.5), we obtain
Rx1,2M
xy
1,3M
y
2,3 =
∏
i↑N
1
Mx1,2:iM
xy
1,3
∏
j↓N
1
R
τ j(y)
2:j,3
=
∏
i↑N−1
1
Mx1,2:iM
x
1,2:NM
xy
1,3R
y
2:N,3
∏
j↓N−1
1
R
τ j(y)
2:j,3
= Ry2:N,3
∏
i↑N−2
1
Mx1,2:iM
x
1,2:N−1M
xτ−1(y)
1,3 R
τ−1(y)
2:N−1,3
∏
j↓N−2
1
R
τ j(y)
2:j,3 M
x
1,2:N = . . .
=
∏
j↓N
1
R
τ j(y)
2:j,3 M
xy
1,3
∏
i↑N
1
Mx1,2:i = M
y
2,3M
xy
1,3R
x
1,2,
which implies eqn (3.4):
Rx1,2R
xy
1,3R
y
2,3 = R
x
1,2
∏
i↑N
1
(
M
xy
1,3:iM
y
2,3:i
)
= Rx1,2M
xy
1,3:1M
y
2,3:1
∏
i↑N
2
(
M
xy
1,3:iM
y
2,3:i
)
= My2,3:1M
xy
1,3:1R
x
1,2M
xy
1,3:2M
y
2,3:2
∏
i↑N
3
(
M
xy
1,3:iM
y
2,3:i
)
= . . .
=
∏
i↑N
1
(
M
y
2,3:iM
xy
1,3:i
)
Rx1,2 = R
y
2,3R
xy
1,3R
x
1,2.
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4. Connection with a universal R-matrix
We evaluate explicitly the case given by the following choice of the multi spectral
parameter x = (x1, x2, . . . , xN−1, 0).
4.1. Calculation of the operator Rx. We shall find it convenient to denote
w ≡ vu, w˜ ≡ vu−1.
Proposition 5. If x = (x1, . . . , xN−1, 0), the operator R
x defined by (3.3) has the
following explicit form
R(x1,... ,xN−1,0) = G
∏
i↓N−1
1
ψ(xiw˜1:iu1:i−1u2:iw
−1
2:i−1),(4.1)
where operator G ∈ (A⊗N)⊗2 is defined by
H(f(. . . , t1:i, . . . , t2:j , . . . )) = f(. . . , t1:it2:i/t2:i+1, . . . , t2:j+1, . . . )(4.2)
Proof. First, note that the operator F defined in eqn (2.1) can be factorized in the
form:
F = S−11,3P2,3S1,3,
where S,P ∈ A⊗2 are defined by
S(f(t1, t2)) = f(t1t2, t2), P(f(t1, t2)) = f(t2, t1).
Operator S satisfies relations:
S1,2S1,3 = S1,3S1,2, S1,3S2,3 = S2,3S1,3,
Su1 = u1S, Sv1 = v1v2S, Su1u2 = u2S, Sv2 = v2S,
and we have the following identity for the partial trace of the operator P:
Tr2 P = 1A ∈ A.
Now we calculate
R(x1,... ,xN−1,0) = Tr3 S
−1
1:N,3P2:N,3S1:N,3
∏
i↓N−1
1
Bxi1:i,2:i,3
= Tr3 S
−1
1:N,3S1:N,2:N
∏
i↓N−1
1
Bxi1:i,2:i,2:NP2:N,3 = S1:N,2:N
∏
i↓N−1
1
Bxi1:i,2:i,2:NS
−1
1:N,2:N
= S1:N,2:N
∏
i↓N−1
1
F1:i,2:i,2:N
×
∏
j↓N−1
2

 ∏
k↑j−1
1
F−11:k,2:k,2:Nψ(xj w˜1:ju2:jw
−1
2:N)
∏
l↓j−1
1
F1:l,2:l,2:N


× ψ(x1w˜1:1u2:1w
−1
2:N)S
−1
1:N,2:N
= S1:N,2:N
∏
i↓N−1
1
F1:i,2:i,2:NS
−1
1:N,2:N
∏
j↓N−1
1
ψ(xjw˜1:ju1:j−1u2:jw
−1
2:j−1).
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Thus, we come to formula (4.1), where
G = S1:N,2:N
∏
i↓N−1
1
F1:i,2:i,2:NS
−1
1:N,2:N =
∏
i↓N−1
1
P2:i,2:N
N∏
j=1
(
S−11:j,2:jS1:j,2:j−1
)
,
and it is easy to check up eqn (4.2).
Using the cyclicity of the trace it is easy to generalize this result.
Corollary 2. If x = (x1, . . . , xN−1, 0),
Rτ
j(x) = G
∏
i↓N−1
1
ψ(xiw˜1:i+ju1:i+j−1u2:i+jw
−1
2:i+j−1),(4.3)
where the running indices are considered modulo N.
In what follows we shall use the relations
Gu1:i = u1:iG, Gv1:i = v1:iv2:iv
−1
2:i+1G
Gu2:i = u2:i+1u1:iu
−1
1:i+1G, Gv2:i = v2:i+1G,
for any i = 1, . . . ,N (mod N), which can be deduced from the definition of the
operator G.
4.2. Calculation of the operator Rx. Introduce more notation:
G〈i,j〉 ≡
∏
k↓N
i
,l↑j
1
G1:k,2:l ∈ ((A
⊗N)⊗N)⊗2,
ei,j ≡ w˜j:i+juj:i+j−1
N∏
k=j
(u2k:i+ku
−1
k:i+k−1u
−1
k:i+k+1) ∈ (A
⊗N)⊗N,(4.4)
fi,j ≡
j∏
k=1
(vk:iv
−1
k:i+1)uj:i+1w
−1
j:i ∈ (A
⊗N)⊗N.(4.5)
Proposition 6. If x = (x1, . . . , xN−1, 0), operator R
x have the following form
Rx =
∏
i↓N
1
,j↑N
1

 ∏
k↓N−1
1
ψ(xkek,i ⊗ fk,j)

G,(4.6)
where G ≡ G〈1,N〉 acts as follows
G(f(. . . , t1:i:j , . . . , t2:k:l, . . . )) = f(. . . , t1:i:j
N∏
m=1
t2:m:j−i
t2:m:j−i+1
, . . . , t2:k:l, . . . ).(4.7)
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Proof. First, calculate
G〈i,j〉w˜1:i:k+iu1:i:k+i−1 = G〈i+1,j〉
∏
l↑j
1
G1:i,2:lw˜1:i:k+iu1:i:k+i−1
= G〈i+1,j〉w˜1:i:k+iu1:i:k+i−1
j∏
m=1
(v2:m:k+iv
−1
2:m:k+i+1)
∏
l↑j
1
G1:i,2:l
= w˜1:i:k+iu1:i:k+i−1
j∏
m=1
(v2:m:kv
−1
2:m:k+1)G〈i,j〉,
and
G〈i,j〉u2:j:k+iw
−1
2:j:k+i−1 = G〈i,j−1〉
∏
l↓N
i
G1:l,2:ju2:j:k+iw
−1
2:j:k+i−1
= G〈i,j−1〉u2:j:k+1w
−1
2:j:k
N∏
m=i
(u21:m:k+mu
−1
1:m:k+m−1u
−1
1:m:k+m+1)
∏
l↓N
i
G1:l,2:j
= u2:j:k+1w
−1
2:j:k
N∏
m=i
(u21:m:k+mu
−1
1:m:k+m−1u
−1
1:m:k+m+1)G〈i,j〉.
Now we have
Rx =
∏
i↓N
1
,j↑N
1

G1:i,2:j
∏
k↓N−1
1
ψ(xkw˜1:i:k+iu1:i:k+i−1u2:j:k+iw
−1
2:j:k+i−1)


=
∏
i↓N
1
,j↑N
1

 ∏
k↓N−1
1
ψ(G〈i,j〉xkw˜1:i:k+iu1:i:k+i−1u2:j:k+iw
−1
2:j:k+i−1G
−1
〈i,j〉)

G
=
∏
i↓N
1
,j↑N
1

 ∏
k↓N−1
1
ψ(xkek,i ⊗ fk,j)

G.
Proposition 7. Operators defined by eqns (4.4), (4.5) satisfy the following com-
mutation relations
ei+1,kei,k = qei,kei+1,k, fi+1,kfi,k = qfi,kfi+1,k;(4.8)
ei,kej,l = q
(1±3)/2ej,lei,k, fi,lfj,k = q
(1±3)/2fj,kfi,l, k < l, |i − j| = (1 ∓ 1)/2;
ei,kfj,k = q
±2fj,kei,k, j = k + i− (1 ∓ 1)/2;(4.9)
all other pairs being commutative, and the quadratic constraints
ei,k+1fj,k+1 = fj,kei,k, k = j − i (mod N).(4.10)
Proof. It is a straightforward verification.
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4.3. Realization of a Hopf algebra. Let aij ≡ 2δij − δ|i−j|,1 be the slN Car-
tan matrix. Following [9, 14], consider a Hopf algebra U over C(q), generated by
elements {Ki, Li,Ei,Fi}1≤i<N subject to the following relations
[Ki,Kj] = [Li, Lj ] = [Ki, Lj] = 0,
KiEj = q
aijEjKi, KiFj = q
−aijFjKi,
LiEj = q
−aijEjLi, LiFj = q
aijFjLi,
[Ei,Fj ] = δij(1− q
2)(Ki − Li),
EiE
2
j + E
2
jEi = (q+ q
−1)EjEiEj if |i− j| = 1,
FiF
2
j + F
2
jFi = (q+ q
−1)FjFiFj if |i− j| = 1,
[Ei,Ej ] = [Fi,Fj ] = 0 if |i− j| > 1.
Note that we use an unusual normalization for the generators. The coproducts are
∆(Ki) = Ki ⊗ Ki, ∆(Li) = Li ⊗ Li,
∆(Ei) = Ki ⊗ Ei + Ei ⊗ 1, ∆(Fi) = 1⊗ Fi + Fi ⊗ Li.
Central elements Zi ≡ KiLi generate a Hopf subalgebra. Factorization w.r.t. re-
lations Zi = 1, i = 1, . . . ,N − 1 gives the quantized universal enveloping algebra
Uq(slN). We construct a representation of the algebra U in C(q)[t, t
−1]⊗N
2
, where
Zi 6= 1.
Theorem 1. The following mapping of the generating elements:
Ei 7→
N∑
j=1
ei,j , Fi 7→
N∑
j=1
fi,j , Ki 7→ ei,1fi,1, Li 7→ fi,Nei,N(4.11)
extends to an algebra homomorphism κ : U → A⊗N
2
Proof. It is a straightforward checking of the defining relations of the algebra U by
using relations (4.8)–(4.10).
Conjecture 1. The homomorphism κ defined by eqns (4.11) is faithful.
According to the results of [7], the restriction of our homomorphism is a particular
case of Feigin’s homomorphism, and it is faithful.
4.4. The universal R-matrix. Certain completion Uˆ of the algebra U is the
Drinfeld double of its’ Hopf subalgebra, so it admits a universal R-matrix [9]. To
describe the latter define the q-analogues of root vectors {Eij,Fij}1≤i<j≤N:
Ei,i+1 ≡ Ei, Fi,i+1 ≡ Fi,
Ei,j+1 ≡
EjEi,j − qEi,jEj
1− q2
, Fi,j+1 ≡
FjFi,j − qFi,jFj
1− q2
, i < j,
and Cartan elements Hi and H˜i through the equations
Ki = q
Hi , Li = q
H˜i .
The universal R-matrix then has the form [21]:
R =
∏
i↓N−1
1
∏
j↓N
i+1
ψ(Eij ⊗ Fij)q
T,(4.12)
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where
T =
N−1∑
i,j=1
a¯ijHi ⊗ H˜j
with a¯ij being the inverse slN Cartan matrix. Element (4.12) makes sense only for
highest weight finite dimensional representations of the algebra U . The representa-
tion defined by eqns (4.11) is neither finite dimensional nor highest weight, so the
universal R-matrix in the form (4.12) is not well defined object. Nevertheless, there
is a slight modification of the definition, when the image of the universal R-matrix
makes sense in the κ-representation. This modification follows.
Let ρx, where x = (x1, . . . , xN−1, 0), be the automorphism of U defined on the
generators by the formulas:
Ki 7→ Ki, Li 7→ Li, Ei 7→ xiEi, Fi 7→ x
−1
i Fi.
Note that this automorphism is inner one. Indeed, we have
ρx(.) = ξx(.)ξ
−1
x
, ξx =
N−1∏
i,j=1
x
a¯ijHj
i .
Denote
Rx ≡ (ρx ⊗ id)(R).(4.13)
This element satisfies the multi spectral parameter dependent YBE. But the spec-
tral parameters here are fictitious, since they can be removed by a similarity trans-
formation. Their role is auxiliary: we can look at Rx as a generating function for
the coefficients of the power series expansion in x1, . . . , xN−1.
Conjecture 2. The following identity holds true
∏
i↓N
1
,j↑N
1
∏
k↓N−1
1
ψ(xkek,i ⊗ fk,j) =
∏
i↓N−1
1
∏
j↓N
i+1
ψ(Xi,jκ(Ei,j)⊗ κ(Fi,j)),(4.14)
where
Xi,j ≡
j−1∏
k=i
xk.
We have verified this identity for few small N.
Theorem 2. Assume that formula (4.14) is true. Then formula κ⊗ κ(Rx) = Rx
holds as a formal power series equality.
Proof. Equating formula (4.6) to (4.13) with substitutions (4.11), and using the
fact that G = qT, we arrive at eqn (4.14).
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